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We have measured dispersions of spin-flip waves and spin-flip single-particle excitations of a
spin polarized two-dimensional electron gas in a Cd1−xMnxTe quantum well using resonant Raman
scattering. We find the energy of the spin-flip wave to be below the spin-flip single particle excitation
continuum, a contradiction to the theory of spin waves in diluted magnetic semiconductors put
forth in [Phys. Rev. B 70 045205 (2004)]. We show that the inclusion of terms accounting for the
Coulomb interaction between carriers in the spin wave propagator leads to an agreement with our
experimental results. The dominant Coulomb contribution leads to an overall red shift of the mixed
electron-Mn spin modes while the dynamical coupling between Mn ions results in a small blue shift.
We provide a simulated model system which shows the reverse situation but at an extremely large
magnetic field.
PACS numbers: 72.25.Dc, 73.21.-b, 78.30.-j, 78.55.-m
I. INTRODUCTION
Collective spin dynamics in dilute magnetic semi-
conductors (DMS) is an active field under in-
tense investigations.1–4 This field provides an insight
into the origins of carrier-induced ferromagnetism in
semiconductors4–9 and an understanding of particular
features of the DMS6,10 due to the presence of two spin
sub-systems that are dynamically coupled via Coulomb-
exchange interaction: that of the itinerant carrier and
that of the localized magnetic impurities. As an example
of these features, the transverse spin excitation spectrum
has been theoretically found to be composed of three
types of excitations. These are: two collective excitations
corresponding to itinerant and localized spins precessing
in phase or out of phase to each other, and single-particle
(or Stoner-like) excitations of the itinerant carriers.6,10,11
The in-phase collective mode is the Goldstone-like mode.
The out of phase mode has a dominant contribution
from the itinerant carrier subsystem.6,11 Experimental
evidences of the entire spectrum in ferromagnetic DMS
like GaMnAs is not available. Reported so far are fea-
tures related to the zone-center in phase mode, domi-
nated by the Mn spin precession, its dynamics3,12,13 and
its ferromagnetic resonance.14 We find no experimental
data available for the out of phase mode. Indeed, fer-
romagnetism in GaMnAs systems requires a high Mn
concentration, which destroys the quality of the crystal
potential and smooths out all optical resonances.
To gain more insight into the DMS spin excitation
spectrum, Cd1−xMnxTe doped quantum wells are a very
good alternative as they are clean and efficient to capture
the general properties of the collective spin dynamics in
DMS materials. The high quality of Cd1−xMnxTe quan-
tum well structures leads to a high mobility of the itin-
erant gas (electrons or holes) together with well-defined
optical resonances,15 an important condition for the ob-
servation of electronic Raman signals from the carrier
subsystem.16 The presence of Mn impurities interacting
with the two dimensional electron gas (2DEG) embed-
ded in the Cd1−xMnxTe quantum well, thus, provides
interest on two levels. First, the static mean-field s-d
contribution from the Mn ions produces a large Zeeman
splitting:
Ze (B) = ∆− |ge|µBB, (1)
where ∆ is the Overhauser shift due to the Mn spin po-
larization and − |ge|µBB is the normal Zeeman split-
ting of the conduction band (here ge ' −1.64 for
µB > 0). This leads to a high spin polarization degree
ζ = (n↑ − n↓) /n2D in the 2DEG.17 It makes it a suit-
able system to study features of spin-resolved Coulomb
interaction.8,18 The above approach was followed in our
previous work to study spin excitations of the spin-
polarized 2DEG (SP2DEG).8,16,17,19. Propagative spin
flip waves (SFW) of electrons were observed16 and their
appearance was linked to the Coulomb interaction be-
tween electrons.17 On a second level, it provides evidence
of the mixing between electrons and Mn spin modes in
the frequency9 and time4 domains as predicted in Ref.7.
Nevertheless, a connection between these manifestations
needs to be made: in the first approach, s-d dynamical
coupling with the Mn was neglected, while in the second,
Coulomb interaction between electrons did not manifest
experimentally and was not taken into account in theories
of Ref.7,11. There is, therefore, a lack of full understand-
ing of the mixed spin-excitations where both Coulomb in-
teractions between electrons and the s-d dynamical cou-
pling with Mn spins interplay. Moreover, in the later
studies,4,9 only the zone center collective electron-Mn
modes were probed. From the Larmor’s theorem,16 it
is known that the spin system behaves as if the electrons
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2were not interacting through Coulomb. This explains
why theories describing the electron-Mn modes, with-
out the Coulomb interaction between carriers,7 agree well
with the experimental data of Ref.9. Out of zone center,
predictions of Ref.11, found the out of phase mode (so-
called stiff mode) to have a positive dispersion above the
Stoner continuum. However, we have shown by angle-
resolved Raman measurements that the collective elec-
tron spin mode (SFW mode), was below the spin-flip
single-particle excitations (SF-SPE)8, together with a
negative slope dispersion with the Raman transferred in
plane momentum q.16 It is natural to make the corre-
spondence between the stiff mode of Ref.11 and the SFW
mode of Refs.8 and16 (Stoner-like excitations are obvi-
ously the SF-SPE). Therefore, our experimental obser-
vations are in contradiction with the theory of Ref.11.
In the following we will use the denomination ”out of
phase mode” or OPM to describe a mode which coin-
cides with the stiff mode when the Coulomb interaction
between carriers is neglected or to the SFW mode when
the s-d dynamical coupling with Mn spins is neglected.
In this work, we want to resolve this contradiction, by
first showing new experimental data that clearly shows
the SF-SPE continuum and that the OPM propagates
below it with a negative dispersion. Secondly, we will in-
troduce a new propagator for the electron-Mn collective
modes that includes the Coulomb interaction between
spin-polarized carriers. Finally, we justify the experi-
mental features by comparing the s-d exchange dynam-
ical correction due to the coupling of the electron and
Mn spin precession with the correction introduced by the
Coulomb interaction between carriers. We will demon-
strate that the ratio of these two corrections does not
depend, at standard conditions, on the Mn concentra-
tion and that the Coulomb correction always dominates
over the s-d dynamical shift except for very large electron
densities.
II. SAMPLES AND EXPERIMENTAL SETUP
Our measurements were made in the back scattering
geometry on a Cd1−xMnxTe single quantum well with
electron densities n2D ranging from 2 × 1011 cm−2 to
4× 1011 cm−2 and an effective Mn2+ concentration xMn
ranging from 0.24% to 1%.18 The quantum wells were
grown by molecular beam epitaxy on a GaAs substrate.20
These quantum wells and their spin polarizations have
been characterized in our previous publication.18 Here
we will consider samples A and B of that reference. Both
A and B have a density of n2D = 2.9×1011 cm−2 and dif-
ferent Mn concentrations, 0.46% and 0.75%, respectively.
Measurements were taken with the samples immersed in
superfluid helium at ∼ 1.5 K inside a superconducting
magnetic cryostat. The essential part of the cryostat is
in the rod holding the sample, which allows for control
in three directions, including rotation of the sample in
the plane of the magnetic field for dispersions while the
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FIG. 1. Raman spectra of collective SFW and SF-SPE for
magnetic fields: (a) B = 0.6 T, (b) B = 1.2 T and (c) B = 2.1
T in sample A. Arrows indicate locations of SF-SPE, SPE1
and SPE2 as described in the text. The lines at 0 meV are
remnants of the laser line.
collection/reflection mirror was kept fixed. This design
aids in an easy study of the Raman scattering disper-
sions with an accuracy of 1 degree (q = 0.3×106 µm−1).
To determine the in-plane wave vector q transferred in
the plane of the quantum well, the angle of rotation θ is
measured between the normal of incidence of the sample
and the scattered light. q is obtained from the geometry
of the set-up as q ∼ 4piλ sin θ, where λ is the excitation
wavelength.21 The holder was inserted in the core of a
solenoid producing magnetic fields of up to 5 T in the
plane of the quantum well. A tunable cw Ti-sapphire
laser, pumped by an Ar+ laser was used as light source.
The laser power density was kept below 0.1 W/cm2 and
the linewidth was 0.3 cm−1 at a slit opening of 50 µm.
The energy of the laser was tuned to resonate close to
the transition between the first conduction band and the
second heavy hole band of the quantum well.
III. RESULTS AND DISCUSSION
In Fig. 1, we show typical Raman scattering spectra
obtained on sample A for various Raman transferred
momentum q obtained at different magnetic fields: (a)
B = 0.6 T, (b) B = 1.2 T and (c) B = 2.1 T. In the
figure, q varies from 0 to ∼15 µm −1. All spectra are
dominated by a sharp-peaked line associated with the col-
lective SFW as already demonstrated in Ref.16. We will
show in the following that this mode is exactly the out of
phase electron-Mn mode (the stiff mode of Ref.11) of the
DMS system. The SFW mode is narrow in width com-
pared to the other excitations in the spectra and is found
to be intense at all magnetic fields. As q is increased, the
intensity and energy of the SFW decreases and eventually
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FIG. 2. Comparison between Raman spectra (a) at different
q values taken on sample B with the corresponding calcu-
lated spectra (b) and (c). (b) is obtained from the collective
response and (c) from the single particle response.
diminishes at a critical wave vector, qc.
17 The linewidth
of the SFW broadens with increasing q, damping out due
to interactions with the SF-SPE continuum.19
At high energies, features of the SF-SPE are observed
in the spectra of Fig. 1. These features emerge as the
magnetic field is increased, showing a fan-shaped like be-
havior at large q values leading to a continuum. This
continuum corresponds to the joint density of state of
electron-hole pairs in the Fermi sea which has a charac-
teristic double-peak structure.17 In the following, we have
labeled the maxima positions of the SF-SPE continuum
as SPE1 and SPE2. In the long wavelength limit, SPE1
and SPE2 peaks are close to Z∗± h¯vF↑q where vF↑ is the
Fermi velocity of the minority spin subband and Z∗ is
the renormalized Zeeman energy.8 SPE1 and SPE2 are
degenerate at q = 0 forming a single peaked structure
positioned at Z∗.8 At small wavevectors, a clear distinc-
tion between SPE1 and SPE2 is difficult as these features
overlap. SPE1 shifts to low energies, decreasing in inten-
sity and eventually vanishing as q is increased. SPE2 on
the other hand, increases both in intensity and energy
when increasing q. The dip between SPE1 and SPE2 is
due to the occupancy of the upper spin subband.
In Fig. 2, we compare the Raman scattering spectra
taken on sample B (xMn = 0.75% and n2D = 2.9× 1011
cm−2) for various q with calculated spectra for the same
conditions obtained from the collective response and the
single particle response of Ref.17. The experimental spec-
tra are neither given by the collective response, nor the
single-particle one, but by a mixing of both responses.
This is a consequence of the optical resonance with the
incoming Raman photon.22
We now plot in Fig. 3 the dispersions of the SFW and
features of the SF-SPE extracted from Fig. 1 and com-
pare with calculations. The spin polarizations in Fig.3(a)
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FIG. 3. Experimental dispersions of the SFW mode and fea-
tures of the SF-SPE continuum extracted from Fig. 1(a) and
(c). These, respectively, correspond to spin polarization val-
ues ζ = −0.14 and ζ = −0.07. Experimental data are com-
pared with calculations: the dashed domain is the SF-SPE
continuum, edges of the domain are given for T = 0 K. The
lines inside the domain (when available) are the peaks of the
single particle response [see Fig. 2(c)] calculated at T = 2 K.
The line below the continuum is the OPM dispersion.
and 3(b) are respectively ζ = −0.14 and ζ = −0.07. In
the spectra of Fig. 1 and the dispersions in Fig. 3, our
data show clearly that the SFW mode propagates below
the SF-SPE continuum with a negative slope dispersion
at energies that are in exact agreement with the calcu-
lated OPM energy. Evidence is given that this experi-
mental mode is the OPM (or stiff mode of Ref.11). Con-
sequently, our observations are in contradiction to this
theory which predicted that the dynamical s-d exchange
interaction between the Mn ions and the electrons shifts
the OPM above the SF-SPE continuum with a positive
dispersion. To resolve this contradiction, we have intro-
duced the Coulomb interaction between carriers to cal-
culate the coupled electron-Mn response. Details of the
calculations are given in Ref.23.
The mixed response function is calculated adiabati-
cally and leads to the following electron spin susceptibil-
ity:
〈〈
Sˆ+,q; Sˆ−,−q
〉〉
ω
=
(h¯ω − ZMn)χ+ (q, ω)
h¯ω − ZMn −K∆ 2pih¯2m∗Z∗χ+ (q, ω)
(2)
where
〈〈
Sˆ+,q; Sˆ−,−q
〉〉
ω
is the linear response of the
transverse electron spin fluctuation observable Sˆ+,q to
the perturbation geµBb+,qω created by a transverse mag-
netic field of temporal and spatial Fourier components,
respectively, given by ω and q.3,10 Coupled electron-
Mn modes appear as poles of
〈〈
Sˆ+,q; Sˆ−,−q
〉〉
ω
. In
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FIG. 4. (Color online) Electron-Mn modes as a function of
both the magnetic field B and wavevector q. In the plane
q = 0, the two lower curves are the solutions h¯ω±q=0 of Eq.(3).
The OPM is the higher energy solution. The upper curve is
the SF-SPE (Stoner-like excitations) degenerate to Z∗. Out of
the resonant field (BR = 5.9T ) where the modes anti-cross,
the branches have electron or Mn character. At the reso-
nant field (indicated by a vertical arrow), the avoided gap is
about 25 µeV. In addition, dispersions h¯ω±q obtained from
Eq.(2) have been plotted for B = 2 T and B = 5.5 T. For
B = 2 T the electron or Mn characters of the mode do not
change. However, for B = 5.5 T the modes anticross and an
avoided gap appears at a finite qR (indicated by the vertical
arrow). Modes exchange their slope dispersions and charac-
ters when q varies accross qR. Calculations were done for
xMn = 0.24%, T = 2 K, n2D = 3.13× 1011cm−2 and a square
quantum well of width w = 15 nm.
Eq.(2) ZMn = gMnµBB + K is the Mn spin preces-
sion energy in the presence of the 2DEG equilibrium
spin polarization, gMn is the manganese g factor; µB is
the Bohr magneton; m∗ is the electron effective mass;
χ+(q, ω) is the SP2DEG spin susceptibility;
17 ∆ =
αγxMnN0
∣∣∣〈SˆMnz 〉∣∣∣ (B, T ) and K = 12 αγw n2D |ζ| are the
Overhauser and Knight shifts, respectively. N0α = 220
meV24 is the s-d exchange integral and
〈
SˆMnz
〉
(B, T ) is
the thermal average spin of a single Mn atom. γ is the
probability of finding an electron in the quantum well.
Typical orders of magnitude in our samples of ∆ and K
are ∼ 10−3 and ∼ 10−6 eV, respectively. Interpretation
of the poles is as follows. In the frame of the Mn ions, the
Mn precession frequency is determined by the Zeeman en-
ergy of the Mn (gMnµBB), the static mean-field s-d con-
tribution from electrons (K), and the third term is the
”dynamical” Knight shift that originates from the elec-
tron precession itself responding (through the χ+(q, ω)
response) to the Mn magnetic field (proportional to ∆).
At q = 0, χ+(q = 0, ω) = −n2Dζ/ (h¯ω − Ze), collective
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FIG. 5. (Color online) Illustration of the Coulomb and s-d
dynamical shift on the electron-Mn modes dispersions. Dis-
persions were calculated for B = 5.8 T and the same sample
parameters as in Fig.4. In (a) and (b), the Coulomb interac-
tion between electrons is suppressed, only the s-d dynamical
shift applies as in Eq.(20) of Ref.11. The dashed line is the un-
coupled Mn mode energy (ZMn). In (c) and (d), the Coulomb
interaction between electrons is included as in Eq.(2) of this
work. Dashed lines are the uncoupled electron mode (h¯ωSFWq )
and Mn mode (ZMn). At q = 0 the SF-SPE energy is shifted
to Z∗. In (b) and (d) the s-d dynamical coupling has been
artificially magnified by a factor of 100.
modes of Eq.(2) develop two modes:
h¯ω±q=0 =
1
2
(
ZMn + Ze ±
√
(ZMn − Ze)2 + 4K∆
)
, (3)
where ZMn = gMnµBB +K. They open an avoided gap
at a specific magnetic field BR when ZMn − Ze = 0, as
illustrated in Fig.4 where BR = 5.9 T for xMn = 0.24.
The upper (resp. lower) energy branch is the OPM (resp.
in phase). For B < BR, the OPM (resp. in phase) has an
”Electron like” character (resp. ”Mn-like”), because it is
mainly dominated by the electron (resp. Mn) spin pre-
cession. In resonance (B = BR) modes have a complete
mixed character. These zone center modes were observed
in Ref.9 and Ref.4. The resonance field depends mainly
on the Mn concentration and for the experimental sit-
uation of Fig.3, it is about 10.7 T. Figure 3 compares
the dispersion of the OPM h¯ω+q , calculated using Eq.(2)
and the parameters of sample A, with the experimental
one. Undoubtedly, the agreement with the data is excel-
lent without any fitting procedure. The dispersion of the
SFW mode h¯ωSFWq defined as the unique pole of χ+(q, ω)
is also plotted. It appears that the introduction of the s-d
dynamical coupling shifts h¯ω+q negligibly from the pure
electron mode h¯ωSFWq for that situation. However, the
inclusion of the Coulomb interaction in Eq.(2) positions
the OPM below the SF-SPE continuum with a negative
dispersion, contrary to what was found in Ref.11.
Illustration of this phenomenon is provided in Fig.5. In
5Fig. 5(a) and (b) the electron-Mn modes dispersion were
calculated using the denominator of Eq.(2) by replacing
the SP2DEG spin susceptibility with the non-interacting
equivalent, which is single particle response [see Ref.17].
Such a calculation is equivalent to the approach of Ref.11.
Thus, for no Coulomb interaction between electrons, the
pure electron modes are the SF-SPE (poles of the single-
particle response) degenerate to Ze at q = 0. Inclusion
of the s-d dynamical coupling with the Mn introduces a
collective OPM propagating above the SF-SPE contin-
uum (upper curve in Fig. 5(a) and (b)). The relative
”blue-shift” is labeled xsd. In presence of Coulomb in-
teraction between carriers, however, a collective electron
mode (SFW) appears and propagates below the SF-SPE
continuum with a negative dispersion given by h¯ωSFWq .
The SF-SPE zone center energy is ”blue shifted” from Ze
to Z∗ bye Coulomb-exchange. The relative ”red-shift” of
the SFW mode with the SF-SPE is labeled xC . Inclusion
of the s-d dynamical coupling with Mn introduces a new
shift which determines the final energy of the OPM.
Thus, we have separated two effects. First, Coulomb
introduces a shift between the collective electron mode
and the SF-SPE energies with a relative quantity quan-
tifiable by xC = (Z
∗ − Ze) /Ze. Second, the s-d dynam-
ical coupling with the Mn shifts this mode to h¯ω+q with
a relative shift quantifiable as xsd =
(
h¯ω+q=0 − Ze
)
/Ze.
Clearly, in the situation of Fig.3: xC  xsd.
We may ask if conditions can be found such that xsd >
xC? If so, the OPM would propagate above the SF-SPE
continuum with a positive slope dispersion. We should
distinguish two situations. For B < BR :
xsd ' K∆
Z2e
≈ K
Ze
=
Z∗
Ze
αγm∗
4pih¯2
1
w
. (4)
In resonance, however, (B = BR),
xsd (r) =
√
K∆
Ze
' √xsd.
In Figure 6, we compare xsd calculated out of reso-
nance and xsd (r) calculated in resonance with xC for
quantum well widths, w = 50 A˚ and w = 150 A˚. Both
xsd and xsd (r) are calculated as a function of the elec-
tron density, plotted in terms of rs. As seen in Fig. 6,
the dynamical shift xsd (r) overcomes the Coulomb ef-
fect at a sufficiently low electron density corresponding
to rs = 0.2 and 0.08. The out of resonance dynamical
shift xsd overcomes the Coulomb effect at much lower
densities.
We now simulate a situation in which a prediction with
h¯ω+q propagating above the SF-SPE is possible. We have
assumed the material parameters of Fig. 6, that is, when
the dynamical shift dominates the Coulomb shift. We
show such calculated dispersions of mixed spin modes
in Fig. 7 for rs = 0.1. Indeed, the electron modes ap-
pear above the SF-SPE continuum. However, to obtain
10-3 10-2 10-1 1 5
10-6
10-5
10-4
10-3
10-2
10-1
1
w=50Å
w=150Å
 xs
 xs(r)
 xC
 
 
rs
rs=0.2
FIG. 6. (Color online) Comparison of the dynamical shift
xsd calculated out or in resonance (xsd (r)) with the Coulomb
shift xC . Both are calculated as a function of the electron den-
sity for a fixed quantum well width, w = 50 A˚ (dotted lines)
and w = 150 A˚ (full lines). The dynamical shift xsd (r) over-
comes xC for a sufficiently low electron density (respectively
rs = 0.2 and 0.08). The out of resonance dynamical shift xsd
overcomes the Coulomb effect at much lower densities.
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FIG. 7. (Color online) Dispersions of mixed spin modes cal-
culated using the parameters of Fig.6(a) for rs = 0.1. The
electron modes appears above the SF-SPE continuum. To
get the effect, the Mn concentration is raised to xMn = 10%
in order to get ζ = 0.2%. The external magnetic field is tuned
to BR = 130 T. Here w = 150 A˚ and T = 2 K.
such an effect, a significant spin polarization of ζ = 0.2%
must be reached by raising the Mn ion concentration
to xMn = 10%. This means that an external magnetic
field needs to be tuned to a resonant field of BR = 130
T, an experimental challenge! We note here that the
small blue shift introduced to the SFW energy by the dy-
namical coupling xsd, explains the near excellent agree-
ment between our previous model and experiment. Since
6the Coulomb effect dominates in our quantum well, the
mixed modes evolve essentially as an electron wave.
IV. CONCLUSIONS
We have probed dispersions of spin flip waves and spin
flip single particle excitations in a spin polarized elec-
tron gas in a Cd1−xMnxTe quantum well using angle-
resolved Raman scattering. Our key result is that the
SFW dispersion lies below the SF-SPE continuum, con-
trary to predictions made by the theory of spin waves in
diluted magnetic systems. Analysis of our measurements
with a model accounting for the Coulomb interaction be-
tween carriers and the dynamical response of Mn ions
and the electron spin subsystem in the spin wave prop-
agator of the theory agrees well with our experimental
results. We have found that the Coulomb contribution
dominates over the dynamical response. We have inves-
tigated a regime in which the dynamical coupling over-
comes the Coulomb effect and find this to occur at an
extremely large external magnetic field and for a high
Mn ion concentration.
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